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Abstract

The mixed convection over a vertical surface adjacent to a fluid saturated porous medium and having the temperature distribution
Tw(x) = T1 + T0 Æ (x/L)k is considered in the boundary-layer and Boussinesq approximation for the value k = �1/3 of the power-law
exponent. It is shown that in the whole range �1 < e < +1 of the mixed convection parameter e an infinite number of solutions exist
which are associated with different values of the dimensionless wall temperature gradient h 0(0) � h. These solutions are investigated
analytically and numerically in detail. The effect of a thermodynamic requirement on the existence domain of the physical solutions
is discussed in the context of results reported by other authors.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The problem of the mixed convection over a vertical flat
plate plays the role of a basic paradigm both for the viscous
flow of clear fluids as well as for the flow in fluid saturated
porous media. While the former topic has become a text-
book matter more than 50 years ago, the latter one still
belongs since the pioneering work of Cheng [1] to an active
research field of our days. Important stations of this early
development in exploring the mathematical features of the
corresponding boundary value problem mark the contribu-
tions of Merkin [2,3]. Excellent reviews of the further devel-
opment in the mixed convection in special and of that of
the flows in saturated porous media in general, have been
published recently by Nield and Bejan [4], Vafai [5], Pop
and Ingham [6], Bejan and Kraus [7], Ingham et al. [8],
Bejan et al. [9] and Vafai [10]. Further results concerning
the mixed convection boundary-layer flows over a vertical
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plate in a porous medium have been reported recently by
Aly [11], Aly et al. [12], Nazar et al. [13], Guedda [14]
and Brighi and Hoernel [15].

In their comprehensive paper Aly et al. [12] have
reviewed the previous work and extended the investigation
of the basic features of the self-similar mixed convection
boundary-layer flows past a thin vertical fin in a saturated
porous medium which is maintained at a constant ambient
temperature T1. The temperature distribution Tw of the fin
has been assumed to be of the form

T wðxÞ ¼ T1 þ T 0 �
x
L

� �k
; ð1Þ

where k is a constant, x is the distance from the tip of the fin,
L is a reference length and T0 is the difference between the
temperature of the fin at x = L and the ambient tempera-
ture T1, T0 = Tw(L) � T1. The mainstream velocity at
the outer edge of the boundary layer has also been
assumed to vary as xk so that a similarity reduction of the
basic equations could be performed. Assuming further that
the boundary-layer and the Boussinesq approximations
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Nomenclature

D Dawson integeral
erf the error function
f similar stream function
g magnitude of the acceleration due to gravity
h similar surface temperature gradient
K permeability of the porous media
km thermal conductivity of the porous medium
L reference length
M Kummer’s confluent hypergeometric function
Pe Péclet number, =U0L/am

qw wall heat flux
Ra Darcy-Rayleigh number, =qgbKLT0/(lam)
T temperature

Greek symbols

am effective thermal diffusivity of the porous med-
ium

b coefficient of thermal expansion

e mixed convection parameter, =Ra/Pe

g dimensionless similarity variable, ¼
ffiffiffiffiffiffiffiffiffiffi
Pe=2

p
�

ðx=LÞ
k�1

2 � ðy=LÞ
l dynamic viscosity of the fluid
h similar temperature variable, =(T � T1)/

(T0(x/L)k)
q density
sw wall shear stress

Subscripts
0 reference
m parameters of porous media
w condition at the wall
1 condition at the free stream
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hold, for the corresponding similar temperature field
h = h(g) and stream function f = f(g) the following bound-
ary value problem has been obtained

h00 þ ð1þ kÞf � h0 � 2kf 0h ¼ 0;

f 0 ¼ 1þ eh;
ð2a; bÞ

f ð0Þ ¼ 0; hð0Þ ¼ 1; hð1Þ ¼ 0: ð3a; b; cÞ
Here the primes denote derivatives with respect to the sim-
ilarity variable g and e stands for the ratio of the
Darcy-Rayleigh number and the Péclet number, e = Ra/Pe.
Positive and negative values of e correspond to the aiding
(hot plate, T0 > 0) and opposing (cold plate, T0 < 0) mixed
convection flows, respectively, while e = 0 corresponds to
the forced convection case. Since (in the model) no heat
sources and sinks are present, the temperature of the fluid
in the aiding case may nowhere be lower than the ambient
temperature T1, and in the opposing case it may nowhere
be higher than T1. This physical requirement leads to the
important additional condition for the similar temperature
field

hðgÞ > 0; for 0 6 g <1: ð4Þ
The mechanical and thermal characteristics of the mixed
convection flow, namely the (dimensional) velocity and
temperature fields v = (u,v, 0) and T(x,y), the wall shear
stress sw(x) as well as the wall heat flux qw(x) can all be
expressed in terms of f = f(g), h = h(g) and of their deriva-
tives as these are listed in Appendix A.

The aim of the present paper is to investigate the mixed
convection problem for the value k = �1/3 of the power-
law exponent in detail and to emphasize the effect of the
physical requirement (4) on the solutions of the boundary
value problem (2) and (3). The option for this special value
of k is motivated by the existence for k = �1/3 of a first
integral of Eqs. (2) which lowers the order of the problem
on one hand, and allows to obtain several analytical solu-
tions on the other hand.

2. A first integral for k = �1/3

Eq. (2a) can be transcribed in the form

d

dg
ðh0 � 2kf hÞ ¼ �ð1þ 3kÞf h0: ð5Þ

This equation shows that our problem admits for k =
�1/3 the first integral h 0 � 2kfh = const. The boundary
conditions (3a) and (3b) imply that the integration constant
is nothing more than the similar wall temperature gradient

h0ð0Þ � h: ð6Þ
Thus, for k = �1/3 the problem (2) and (3) reduces to the
lower order initial value problem

h0 þ 2

3
f h ¼ h;

f 0 ¼ 1þ eh;

hð0Þ ¼ 1; f ð0Þ ¼ 0;

ð7a; b; c; dÞ

along with the additional conditions (3c) and (4),

hð1Þ ¼ 0 and hðgÞ > 0 for 0 6 g <1: ð8a; bÞ
Taking into account that h 0(1) = 0 (no heat may escape to
infinity) from Eq. (7a) we obtain

h ¼ 2

3
lim
g!1
ðf hÞ: ð9Þ

In spite of the boundary condition (3c), the value of h as
given by (9) is not necessarily zero. It is only so if h(g) goes
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to zero faster than f(g) goes to infinity as g!1. In this
case no heat is transferred between the surface and the fluid
(except for the leading edge singularity). When, however
h(g) and 1/f(g) decay with the same rate as g!1, the limit
(9) may become finite and a heat transfer process takes
place in every point of the surface. Therefore, in the inves-
tigation of the problem (2)–(4) for k = �1/3, two physically
relevant cases h = 0 and h 5 0 have to be distinguished,
respectively. This will be done in Sections 4 and 5 in detail.

Having in mind that Eqs. (7) specify an initial value
problem, we conclude that

(i) it admits solution for any given values of h and e,
(ii) this solution is unique, and

(iii) this solution of Eqs. (7) solves our physical problem
only if it also satisfies the additional conditions
(8a,b).

3. Forced convection solutions

In the forced convection case e = 0 the boundary value
problem (2) and (3) admits for the similar stream function
for the any value of k the uniform solution

f ðgÞ ¼ g; ð10Þ

Thus, for the similar temperature field the following linear
boundary value problem results,

h00 þ ð1þ kÞgh0 � 2kh ¼ 0;

hð0Þ ¼ 1; hð1Þ ¼ 0:
ð11a; b; cÞ

For an uniform main stream, k = 0, one immediately
recovers the well known error function solution

hðgÞ ¼ 1� erfð gffiffiffi
2
p Þ; h0ð0Þ ¼ �

ffiffiffi
2

p

r
ðk ¼ 0Þ: ð12a; bÞ

For the similarity exponent k = �1/3 considered in the
present paper, Eq. (11a) reduces to Eq. (7a). Thus one
easily obtains that the problem (7) admits the family of
multiple solutions

hðgÞ ¼ e�
g2

3 þ
ffiffiffi
3
p
� h � D gffiffiffi

3
p
� �

ðk ¼ �1=3Þ; ð13aÞ

where D denotes the Dawson integral (see Abramowitz and
Stegun [16], Chapter 7),

DðzÞ ¼ e�z2

Z z

0

eþt2

dt: ð14Þ

We mention that h given by Eq. (13a) can also be expressed
in terms of Kummer’s confluent hypergeometric functions
M(a,b,z) (see Abramowitz and Stegun [16], Chapter 13)
as follows:

hðgÞ ¼ e�
1
3g

2

1þ h � g �M 1

2
;
3

2
;
1

3
g2

� �� �
: ð13bÞ
In Eqs. (13) the constant of h is arbitrary, but the physical
requirement (4) restricts it to non-negative values, h P 0.
In the special case h = 0 one obtains the elementary closed
form solution

hðgÞ ¼ e�
g2

3 ðk ¼ �1=3; h ¼ 0Þ: ð15Þ

Hence, for h = 0 the similar temperature h(g) possesses a
very fast exponential decay. For h 5 0, however, its
asymptotic behavior is dominated by the second term on
the right-hand side of Eqs. (13). Since D(z)! 1/(2z) as
z!1, we obtain that h(g) decays algebraically according
to

hðgÞ ! 3h
2g

as g!1: ð16Þ

Therefore, in the case (k = �1/3, e = 0) our physical prob-
lem admits an infinite number of solutions, one solution
(13) for any non-negative value of h. This finding is in full
agreement with the general result reported by of Guedda
[14], valid for {�1 < k < 0, �1 < e < 1/2}. Our one-param-
eter family of solutions (13) decays algebraically according
to Eq. (16) for h > 0 and exponentially according to Eq.
(15) for h = 0. This example emphasizes the remarkable
feature, how a one-parameter family of algebraically
decaying boundary-layers may go over in an exponentially
decaying boundary-layer gradually (in the present case, as
h! 0).
4. Solutions for h = 0

In the following considerations of the present paper
we assume throughout that e 5 0. The solutions of the
initial value problem (7) along with the additional condi-
tions (8) will be investigated numerically and analytically
for h = 0 (present Section) and h 5 0 (Section 5), res-
pectively.
4.1. Numerical solutions for h = 0

The initial value problem (7) can easily be solved numer-
ically with the aid of any standard library program. In
Fig. 1 the shapes of the similar stream function f = f(g)
obtained by such a numerical integration of the problem
(7) for h = 0 and different values of the parameter e are
shown. Figs. 2 and 3 show the corresponding similar veloc-
ity and temperature profiles f 0 = f 0(g) and h = h(g), respec-
tively. All these profiles satisfy also the additional
conditions (8a,b).

The numerical calculations indicate that for h = 0 the
solution of the initial value problem (7)

(i) satisfies the two additional conditions (8) for any
given value of e in the range e > �1, but

(ii) in the range e 6 �1 it does not satisfy either of the
two conditions (8).
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Hence, for h = 0 our problem (7) and (8) admits solu-
tions only for e > �1 and these solutions are unique.
4.2. Approximate analytical solutions for h = 0

Integrating Eq. (7a) once and taking into account Eq.
(7c) one immediately obtains

hðgÞ ¼ exp � 2

3
F ðgÞ

� �
; ð17Þ

where

F ðgÞ �
Z g

0

f ð~gÞd~g: ð18Þ

Thus, according to Eq. (7b) we obtain for the similar
downstream velocity the expression

f 0ðgÞ ¼ 1þ e exp � 2

3
F ðgÞ

� �
: ð19Þ

Eq. (19) can now be solved by successive approximations
according to the scheme

f 0nþ1ðgÞ ¼ 1þ e exp � 2

3
F nðgÞ

� �
; n ¼ 0; 1; 2; . . . ; ð20Þ

where

F nðgÞ ¼
Z g

0

fnð~gÞd~g: ð21Þ

Starting the iteration with the zeroth-order trial function
f0(g) = 0, we obtain in the first-order approximation

f 01ðgÞ ¼ 1þ e: ð22Þ
Having in mind Eqs. (7d) and (18) we further obtain

f1ðgÞ ¼ ð1þ eÞg; ð23aÞ

F 1ðgÞ ¼
1

2
ð1þ eÞg2; ð23bÞ

In the second-order approximation we have

f 02ðgÞ ¼ 1þ e exp � 2

3
F 1ðgÞ

� �

¼ 1þ e exp � 1

3
ð1þ eÞg2

� �
ð24Þ

and thus

f2ðgÞ ¼ gþ e
2

ffiffiffiffiffiffiffiffiffiffiffi
3p

1þ e

r
� erf

ffiffiffiffiffiffiffiffiffiffiffi
1þ e

3

r
� g

 !
; ð25Þ

which further implies

F 2ðgÞ ¼
g2

2
þ 3e

ffiffiffi
p
p

2ð1þ eÞ

ffiffiffiffiffiffiffiffiffiffiffi
1þ e

3

r
� g � erf

ffiffiffiffiffiffiffiffiffiffiffi
1þ e

3

r
� g

 !"

�
1� exp � 1þe

3
g2

	 

ffiffiffi
p
p

#
: ð26Þ

Accordingly, in the third-order approximation we obtain
for f 0(g) the expression

f 03ðgÞ ¼ 1þ e exp � 2

3
F 2ðgÞ

� �
; ð27Þ
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with F2(g) given by Eq. (26). The corresponding similar
temperature field is

hðgÞ ¼ exp � 2

3
F 2ðgÞ

� �
: ð28Þ

This third-order approximation for h reproduces the
temperature profiles shown in Fig. 3 with a high accuracy.
The expressions Eqs. (23b) and (26) of Fn(g) also show that
the solutions exist only for e > �1, but for e 6 �1 the
condition (3c) is violated. Moreover, in the special case
of the forced convection, e = 0, one immediately recovers
in (28) the exact elementary solution (15). Furthermore,
Eq. (25) shows that for the coordinates f1(e) of the inter-
section points of the asymptotes plotted by dashed lines
in Fig. 1 can be calculated from the approximation
formula:

f1ðeÞ ¼
e
2

ffiffiffiffiffiffiffiffiffiffiffi
3p

1þ e

r
: ð29Þ

The smaller |e| is taken the higher accuracy of (29) is ob-
tained. For e = + 0.5 and e = �0.4, e.g., it yields
f1(e) = +0.626657 and f1(e) = �0.792665 which are quite
close to the exact values specified in the caption of Fig. 1.

4.3. Implicit analytical solution for the similar stream

function

For e 5 0 the similar temperature h can be eliminated
with the aid of Eq. (2b) from all the governing equations.
Thus, the (trivially) coupled initial value problem (7)
reduces to the (second order) initial value problem

f 00 þ 2

3
f ðf 0 � 1Þ ¼ eh;

f ð0Þ ¼ 0; f 0ð0Þ ¼ 1þ e;
ð30a; b; cÞ

for the similar stream function f. The additional conditions
(8a,b) read in this case

f 0ð1Þ ¼ 1 and sgn f 0ðgÞ � 1½ � ¼ sgn e for 0 6 g <1:
ð31a; bÞ

Eq. (30) can be transcribed into the form

f 0
df 0

df
þ 2

3
f ðf 0 � 1Þ ¼ eh; ð32Þ

where f plays the role of a new independent and f 0 that of a
new dependent variable.

For h = 0, Eq. (32) can easily be integrated once by sep-
aration of variables f and f 0. In this way, the second-order
problem (30) reduces to the first-order one

f 0 ¼ 1þ e exp 1þ e� 1
3
f 2

	 

exp �f 0ð Þ;

f ð0Þ ¼ 0;
ð33a; bÞ

along with the same additional conditions (31).
Now, we first solve Eq. (33a) for f 0 with the aid of the

Lagrange-expansion method (see Appendix B) to obtain
f 0 ¼ 1þ Gðf Þ;

Gðf Þ ¼
X1
n¼1

ð�1Þnnn�1

n!
en exp n e� 1

3
f 2

� �� �
: ð34a; bÞ

In this way the similar stream function f(g) can be obtained
in the implicit form g = g(f) by quadratures,

g ¼
Z f

0

dz
1� GðzÞ : ð35Þ

By increasing the number of the terms taken into account
in G(f), Eq. (35) reproduces the curves of Fig. 1 with
increasing accuracy. Breaking down the sum in G( f ) after
its first term, Eq. (35) becomes

g ¼
Z f

0

dz
1þ e exp e� 1

3
z2

	 
 ð36Þ

and furnishes a good approximation for |e|� 1. In this
range of e, the integral in (36) can be approximated as
follows:

g ¼ f �
ffiffiffiffiffiffi
3p
p

2
e � expðeÞ � erf

fffiffiffi
3
p
� �

ðjej � 1Þ: ð37Þ

This approximation can further be improved by expanding
the integrand in Eq. (35) in a power series of G,

g ¼ f þ
Z f

0

GðzÞ þ G2ðzÞ þ G3ðzÞ þ � � �
� �

dz ðjej � 1Þ:

ð38Þ
Similarly to Eq. (37), all integrals present in Eq. (38) can be
expressed in terms of error functions. Collecting the terms
of the same powers of eexp(e), the result to the order
e4 exp(4e) reads

g ¼ f �
ffiffiffiffiffiffi
3p
p

2
e expðeÞerf

ffiffiffi
1

3

r
� f

 !

þ
ffiffiffiffiffiffi
6p
p

2
e2 expð2eÞerf

ffiffiffi
2

3

r
� f

 !

� 9
ffiffiffi
p
p

4
e3 expð3eÞerf

ffiffiffi
3

3

r
� f

 !

þ 8

ffiffiffi
p
3

r
e4 expð4eÞerf

ffiffiffi
4

3

r
� f

 !
jej � 1ð Þ: ð39Þ
5. Solutions for h 5 0

5.1. Numerical solutions for h 5 0

When h 5 0, the features (i)–(iii) listed at the end of Sec-
tion 2 are still valid, but the parameter space of our initial
value problem (7) becomes two-dimensional; it is now the
plane (e,h). The numerical solution procedure is basically
the same as in the case h = 0.

The results for the existence of physical solutions satisfy-
ing the additional conditions (8) (and associated with h = 0
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and h 5 0, respectively) are represented in Fig. 4. For the
sake of completeness, in Fig. 4 the existence domain of
the non-physical solutions which do not satisfy the posi-
tiveness condition (8b) is also shown. The results can be
summarized as follows.

1. Physical solutions exist only for the points which belong
to the domain

CD [ D [ AD [ A [ AB [ O; ð40aÞ

of the parameter plane (e,h). For this domain the follow-
ing inequalities hold:

h P 0 for e P 0; ð40bÞ
0 6 h 6 hmax;aðeÞ for � 1 < e < 0: ð40cÞ

2. From every point of the subdomains AB, O and CD (i.e.
of the range e > �1 of e-axis) there bifurcates a family of
physical solutions associated with all positive values of h

between zero and +1 for e P 0, and between zero and
the branch a = hmax;a(e) of the border curve, for
�1 < e < 0 respectively.

3. The existence domain of the non-physical solutions, i.e.
of those solutions of the problem (7) and (8) which vio-
late the positiveness condition (8b), is the set of points

B [ BC [ C; ð41aÞ
where the following inequalities hold

hmin;cðeÞ 6 h < 0 for e > 0; ð41bÞ
h < 0 for � 1 < e 6 0; ð41cÞ
h 6 hmax;bðeÞ < 0 for e < �1: ð41dÞ

4. In the forced convection case, e = 0, both the family of
physical and non-physical solutions corresponding to
values h P 0 and h < 0 of the dimensionless wall temper-
ature gradient, respectively, are available in an explicit
analytical form, being given by Eqs. (13).

5. The point (�1,0) does not belong to the solution
domain.

The above results are illustrated in Figs. 4–7.
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5.2. Analytical solutions for h 5 0

Our basic equation (7a) is a first-order linear non-homo-
geneous differential equation for h. Its formal solution (we
call it ‘‘formal’’, since f = f(g) is still unknown) can easily
be obtained by the standard method of the ‘‘variation of
the constants’’. This solution, obeying the wall condition
(7c) reads

hðgÞ ¼ exp � 2

3
F ðgÞ

� �

� 1þ h �
Z g

0

exp þ 2

3
F ð�gÞ

� �
d�g

� �
; ð41Þ

where F is given by Eq. (18).
Now, the task is to determine the similar stream func-

tion f = f(g) (involved in F) which solves the problem
(30) with h 5 0 and satisfies the additional conditions (31).

A straightforward way to do this is to search the solu-
tion in the form of a power series of g,

f ðgÞ ¼
X1
k¼0

Akg
k: ð42Þ

The boundary conditions (30b,c) as well as the obvious
relationship

f 00ð0Þ ¼ eh; ð43Þ
imply immediately that

A0 ¼ 0; A1 ¼ 1þ e; A2 ¼
eh
2
; ð44a; b; cÞ

Substituting Eq. (42) into Eq. (30a), we obtain the follow-
ing recursion equations for the coefficients An,

An ¼
2

3nðn� 1Þ An�2 �
Xn�2

k¼1

ðn� k � 1ÞAkAn�k�1

" #
;

n ¼ 3; 4; 5; . . . ð45Þ

The recursion equation (45) allow both for a rapid symbol-
ical and numerical evaluation of the coefficients of the ser-
ies (42) in terms of the first three of them which are given
by Eqs. (44). Thus, for n running from 3 to 7, one obtains
the expressions

A3 ¼ �
eð1þ eÞ

9
;

A4 ¼ �
ehð2þ 3eÞ

36
;

A5 ¼ �
9e2h2 � 2eð1þ eÞð3þ 4eÞ

540
;

A6 ¼
ehð25e2 þ 32eþ 8Þ

1620
;

A7 ¼
27e2h2ð5þ 7eÞ � 2eð1þ eÞð34e2 þ 48eþ 15Þ

34020
:

ð46a; b; c; d; eÞ
In this way,

F ðgÞ ¼
X1
k¼1

Ak

k þ 1
gkþ1: ð47Þ

In the convergence range of the series involved, Eq. (41)
with F given by Eq. (47) yields the exact analytical solution
of the problem (7). In the ‘‘grey region’’ of the parameter
plane (e,h) shown in Fig. 4, this solution satisfies also the
additional conditions (8).

The rate of convergence of series (47) can often be accel-
erated with the aid of Euler’s well known series transforma-
tion. On using an alternative form of this transformation
which is due to Knopp [17], Eq. (47) may be rewritten as
follows

F ðgÞ ¼
X1
k¼1

k!

2kþ1
�
X1
m¼1

Am � gmþ1

ðk � mÞ!ðmþ 1Þ!

" #
ð48Þ

Obviously, for numerical evaluations the series present in
the above equations must be truncated, such that Eq.
(41) actually yields with (47) or (48) an approximate solu-
tion. One may expect that a suitable truncation of the series
leads (at least for small values of g) to an accurate approx-
imation. How this procedure works, will be illustrated
below by a couple of examples.

5.2.1. First example
We first consider the special case of the forced convec-

tion which corresponds to e = 0. In this case all the coeffi-
cients An are zero except for A1 = 1. Thus, Eqs. (41) and
(47) yield

hðgÞ ¼ exp � 1

3
g2

� �
1þ h �

Z g

0

exp þ 1

3
�g2

� �
d�g

� �
: ð49Þ

It is easy to see that Eq. (49) coincides with the exact solu-
tion (13a) given in terms of Dawson’s integral.

5.2.2. Second example

As a second illustration of the above method, in Figs. 8a
and 8b the temperature profiles corresponding to the
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Fig. 8b. The similar temperature profiles h = h(g) of Fig. 3 (full lines) as
compared to those obtained from Eqs. (41) and (48) by truncating the
series to polynomials of degree 12.
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non-vanishing e-values of Fig. 3 are compared with the
same profiles obtained from Eq. (41) by using for F the
expression (47) and (48), respectively. The series involved
have been truncated to polynomials of degrees 13 and 12,
respectively. As expected, the transformed expression (48)
performs better than (47), especially in the neighborhood
of the outer edge of the temperature boundary layers where
in the former case the approximation is less accurate for
e = 0.5 and 1.5.

5.2.3. Third example
In Fig. 9 the ‘‘exact numerical’’ velocity profiles are

compared to those obtained from Eqs. (41) and (48) by
truncating the series to polynomials of degree 13 for
h = 0.1 and four different values of e. We see that the
approximation procedure is still working also for a non-
vanishing value of h, but its accuracy starts to become poor
again in the neighborhood of the outer edge of the temper-
ature boundary layers.
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Fig. 9. The numerically ‘‘exact’’ similar temperature profiles (full lines)
corresponding to h = 0.1 and four different values of e as compared to
those obtained from Eqs. (41) and (48) by truncating the series to
polynomials of degree 13.
6. Discussion and conclusions

The goal of the present section is to discuss the results
obtained above for k = �1/3, in the context of the results
reported by other authors for different values of the
power-law exponent k of the wall temperature distribution
(1).

The similar downstream velocity f 0(g) and the similar
temperature h(g) involved in the boundary value problem
(2) and (3) can easily be uncoupled from each other with
the aid of Eq. (2b). Presumably on this reason the most
of the previous investigations have been concerned with
the uncoupled form of (2) and (3), i.e. with the ‘‘f-problem’’
specified by equations

f 000 þ ð1þ kÞf � f 00 þ 2kð1� f 0Þf 0 ¼ 0; ð50Þ
f ð0Þ ¼ 0; f 0ð0Þ ¼ 1þ e; f 0ð1Þ ¼ 1: ð51a; b; cÞ

In this case, for a given value of k, the existence domain of
the solutions has to be specified in the parameter plane (e, s)
where

s � f 00ð0Þ; ð52Þ

denotes the similar wall shear stress of the flow. This quan-
tity is related to the similar temperature gradient (6) by the
relationship

s ¼ eh: ð53Þ
It is important to underline here that the elimination of h
from Eqs. (2) and (3) is only possible for non-vanishing val-
ues, e 5 0, of the mixed convection parameter. In the
forced convection case, e = 0, the f-problem (50) and (51)
admits a single ‘‘true’’ solution only. It is given by Eq.
(10) and corresponds to s = 0 (see also point 2 below).

The reason that our present approach was focused
mainly on the similar temperature h(g) instead of the veloc-
ity f 0(g) is twofold, namely (i) the existence of the addi-
tional thermodynamic constraint (4) for the physically
acceptable solutions for h(g) and (ii) the value e = 0 of
the mixed convection parameter is a singular point of the
transformations (2b) and (53) connecting h to f 0 and h to
s, respectively.

In order to be able to discuss the solutions of the f-prob-
lem (50) and (51) for k = �1/3, the existence domain of the
solutions of problem (2)–(4) as shown in Fig. 4 has first to
be mapped onto the parameter plane (e, s) by taking into
account Eq. (53) and the feature (ii) mentioned above.
The result of this mapping is shown in Fig. 10 and can
be summarized as follows:

1. The solution domain of the f-problem (50) and (51)
extends from the border curve s = smin(e) to the region
of the parameter plane (e, s) above it. The point
(e, s) = (�1,0) does not belong to the solution domain.

2. Except for the origin (e, s) = (0,0), the solutions corre-
sponding to the points of the s-axis in the range
s P �0.6945, i.e. the domains AC and BD, are not
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‘‘true’’ solutions of the f-problem, but artifacts originat-
ing from the fact that the elimination of h from Eqs. (2)
and (3), which led to Eq. (50), is only allowed for e 5 0.

3. The physical solutions of the f-problem which lead via
Eq. (2) to non-negative temperature profiles h(g) corre-
spond to the points of the subset

A [ AB [ O [ CD [ D; ð54Þ
4. The solutions of the f-problem (50), (51) which corre-

spond to the points of the subset

B [ C ð55Þ
lead via Eqs. (2) to temperatures h(g) which become neg-
ative in some ranges of the similarity variable g and thus
they are non-physical.

As an illustration, in Figs. 11a and 11b some non-phys-
ical solutions of the f-problem and the corresponding tem-
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Fig. 11a. Shape of the velocity profiles f 0 = f 0(g) for different points (e, s)
belonging to the non-physical subdomains B and C of the parameter plane
shown in Fig. 10.
perature profiles (which do not satisfy the positiveness
condition 8b) are shown.

The above results obtained for the solutions of the f-
problem (50), (51) for k = �1/3 can now be compared eas-
ily with those reported by other authors for different values
of the power-law exponent k.

As reported recently by Guedda [14] the f-problem (50),
(51) admits for �1 < k < 0 an infinite number of solutions
for any specified value of �1 < e < 1/2. This is in full agree-
ment with the present results. In addition, in the case
k = �1/3 the solution domain extends to the whole e-axis,
except for the point (e, s) = (�1,0) as shown in Fig. 10. This
domain is, bounded from below by the border curve smin(e).
Moreover, the solutions are only physical in the subdomain
(54) and non-physical in (55) as explained above. It is also
worth mentioning here that for e < � 1, the velocity pro-
files f 0(g) of the subdomain B include backflow regions
where f 0(g) is negative (see Fig. 11a). This, obviously, is
not surprising since the negative values of e correspond
to adverse mixed convection flows and when in this range
|e| is large enough, a flow reversal can arise. On the other
hand these solutions are non-physical (in the case
k = �1/3) since they violate the thermodynamic require-
ment (4) of the positiveness of h.

Brighi and Hoernel [15] have proved that the f-problem
(50), (51) admits for k > 0 unique convex solutions for
�1 < e < 0 and unique concave solutions for e > 0. Surpris-
ingly, a part of these results hold also in the case k = �1/3.
Although our solutions are not unique (see Fig. 10), those
associated with the vanishing value s = 0 of the wall shear
stress (subdomains AB and CD of Fig. 10) are convex for
�1 < e < 0 and concave for e > 0, respectively. The numer-
ical evidence for this feature is given by Fig. 1.

In the past the considerable research effort has been
directed on the particular case k = 0 of the f-problems
(50) and (51). In the present context of the porous media,
k = 0 corresponds to an isothermal surface. This case has
first been investigated by Merkin [2,3]. On the other hand
the problem (50) and (51) with k = 0 and e < � 1 also
occurs in connection with the boundary-layer flow induced
in a uniform stream by a plane wall which moves in the
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upstream direction with a constant velocity. In this context,
the case k = 0 of the f-problem has first been investigated
by Hussaini and Lakin [18] and Hussaini et al. [19]. The
main result of these investigations is that the e-range of
the existence domain of the solutions is bounded from
below, �1.354 = eb(0) < e < 0 and that within this range
dual solutions exist for �1.354 = eb(0) < e < �1, while for
�1 < e < 0 the f-problem admits unique solutions. Recent
investigations by Aly et al. [12] have shown that the dual
character of the solution found for (k = 0 and �1.354 =
eb(0) < e < �1) still persists also for (k = �0.1 and
�1.3241 = eb(�0.1) < e < 0.5), as well as for (k = +0.05
and �1.364 = eb(+0.05) < e <1). As our present results
show, the lower bound eb is shifted for k = �1/3 to �1
and the multiplicity of the non-unique solutions increases
from 2 to (a non-denumerable) infinity. At the moment it
is not exactly known where in the range �1/3 < k 6 0 the
crossover from the dual solutions to the family of infinite
solutions takes place. Our present considerations also
emphasizes that all the investigations of the mixed convec-
tion problem (2) and (3) which are carried out on its
uncoupled form (50) and (51) have to be supplemented
by the condition of the non-negative temperatures,

hðgÞ ¼ f 0ðgÞ � 1

e
> 0 for 0 6 g <1 and e 6¼ 0; ð56Þ

as a physical requirement of the principles of thermo-
dynamics.
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Appendix A

The dimensional velocity and temperature fields
v = (u,v, 0) and T(x,y) of the mixed convection problem
considered by Aly et al. [12] are obtained from the solution
f = f(g) and h = h(g) of the boundary value problem (2)
and (3) as follows:

uðx; yÞ ¼ U 0 �
x
L

� �k
� f 0ðgÞ; ðA-1a; bÞ

vðx; yÞ ¼ � am

L

ffiffiffiffiffi
Pe
2

r
� x

L

� �k�1
2 ðkþ 1Þf ðgÞ þ ðk� 1Þgf 0ðgÞ½ �

T ðx; yÞ ¼ T1 þ T 0 �
x
L

� �k
hðgÞ; ðA-2Þ

g ¼
ffiffiffiffiffi
Pe
2

r
x
L

� �k�1
2 � y

L
: ðA-3Þ

Here U0 is a reference velocity, am is the effective thermal
diffusivity of the medium, e stands for the ratio of the
Darcy-Rayleigh number and the Péclet number,

e ¼ Ra
Pe
; Ra ¼ qgbKLT 0

lam

; Pe ¼ U 0L
am

ðA-4a; b; cÞ

and the other notations are standard.
The wall shear stress sw(x) = lou/oy|y=0 is obtained as

swðxÞ ¼
lU 0

L

ffiffiffiffiffi
Pe
2

r
x
L

� �3k�1
2

f 00ð0Þ ðA-5Þ

and the wall heat flux qw(x) = �kmoT/oy|y=0 as

qwðxÞ ¼ �
kmT 0

L

ffiffiffiffiffi
Pe
2

r
x
L

� �3k�1
2

h0ð0Þ: ðA-6Þ

On obvious reason, the quantities f 0(g), h(g), f 00(0) and h 0(0)
are named similar down stream velocity, similar tempera-
ture, similar wall shear stress and similar wall heat flux,
respectively.
Appendix B

The solution of the implicit equation

y ¼ aþ b � GðyÞ; ðB-1Þ
where G is a function of y which is analytic for y = a, and a

and b are independent of y is given by the Lagrange-expan-
sion (see Whittaker and Watson [20], Chapter 7)

y ¼ aþ
X1
n¼1

bn

n!

dn�1

dzn�1
GnðyÞ

� �
z¼a

: ðB-2Þ

The Lagrange-expansion of an arbitrary function U = U(y)
of this y reads

UðyÞ ¼ UðaÞ þ
X1
n¼1

bn

n!

dn�1

dzn�1
GnðyÞ � dUðzÞ

dz

� � �
z¼a

: ðB-3Þ
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